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PAPERS 


NONLINEAR ELECTRICAL ANALOGY 
FOR PIPE NETWORKS 


MALCOLM 


The labor involved solving the simultaneous head-loss equations for 
pipe-line network eliminated electric network analyzer comprised 
special nonlinear resistors. Although these resistors automatically perform 
manner analogous the Hazen-Williams formula, the procedure can 
modified readily represent the Colebrook-White adaptation Darcy’s law. 
Analogies between hydraulic and electric quantities are explained, and values 
useful constants are tabulated. Accuracy the procedure shown 
satisfactory, and results analyzing network means the nonlinear 
electric circuit are compared with results rigorous algebric solutions. 


INTRODUCTION 


The quantitative study the operating characteristics pipe-line networks 
under steady conditions important engineers. This study requires that 
flows junctions and friction head losses around closed loops properly 
balanced, and that the nonlinear relations between head losses and flow rates 
for the individual pipe lines correctly maintained. algebra employed 
the study, these restrictions are expressed set nonlinear simultaneous 
equations. Since the solution these equations involves tedious successive 
engineers have often thought using electric circuits 
provide solutions for pipe-line network problems analogy. This paper 
describes method evaluating flows and head losses pipe-line networks 
means analogous electric circuits that employ special nonlinear resistors 


comments are invited for publication; the last discussion should submitted 
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represent the pipe lines. When this method analysis used, algebraic 
solution required. Readings electric instruments furnish directly the 
desired information concerning the performance the pipe-line network. 


ELEcTRICAL ANALOGY METHOD 


Two fundamental analogies exist between the performance incompres- 
sible fluid pipe-line network and electricity resistive circuit. With 
electric current representing flow, the total current approaching terminal 
equals the total current leaving it, just fluid flows balance pipe-line 
junction. With voltage drop representing friction head loss, total clockwise 
voltage drop around any circuit loop equals total counterclockwise voltage drop, 
just fluid head losses balance around pipe-line loop. 

electric circuit connected simulate pipe-line network, and 
suitable conversion factors are used relate electric and hydraulic quantities, 
the performance the pipe-line network indicated conditions the 
electric circuit. Complete proportionality corresponding quantities does 
not occur, however, unless the voltage drop across each resistor the electric 
circuit related the current manner analogous the nonlinear 
relation between head loss and flow rate for the pipe line that represents. 
Two general methods have been developed previously for satisfying this 
nonlinear relation. The first direct analogy that involves one 
more successive approximations, between which the settings ordinary 
linear resistors must changed the direction indicated the preceding trial. 
The second employs modified analogy that leads indirectly the 
desired results. Both methods involve computations for corrections the 
settings all resistors the circuit between successive traverses. 

The following presentation describes the analysis pipe-line networks 
means electric circuits whose resistors automatically represent accepted 
relation between head loss and flow rate. This method gives the desired values 
flow rates and head losses directly, without successive approximations the 
computation corrected settings resistors. The method has been used 
successfully analyses distribution systems for water, steam, and illuminat- 
ing gas low and high pressures, with accuracy well within the limits 
reasonable knowledge the condition the internal surface pipe lines. 
Since the application the method water distribution systems has been 
described detail the ensuing discussion limited the basic 
principles the procedure and accuracy results. 


Analysis Water Distribution Systems Means Electric Network 
Thomas Camp and Harold Hazen, Journal, New England Water Works Assn., Vol. 48, December, 
1934, 383. 

Hydraulic Flow Distribution Problems Through Use the Network Calculator,” 
Haupt, Research Report No. 18, Texas Eng. Experiment Station, College Station, Tex., September, 
1950. 

Reid, and Geyer, Journal, A.W.W.A., Vol. 42, December, 1950, 1154. 

ling, and Kohler, Engineering News-Record, Vol. 143, No. 12, September, 1949, 19. 

Electric Analyzer for Pipeline Malcolm Journal, 
A.W.W.A., Vol. 42, 1950, 347. 
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PROPERTIES NONLINEAR RESISTORS 


nonlinear resistor that represent pipe line analogous electric 
circuit must perform that rational law acceptable empirical formula 
relating head loss flow rate properly simulated the relation between 
voltage across the resistor and current through it. Flow rate, rather than 
velocity, the fundamental variable network analysis because flow rates 
balance pipe-line junctions, whereas velocities, general, not. 
given flow rate, the rate change head loss with flow differs for pipes 
different diameters and surface conditions. one pipe, the head loss may vary 
nearly the 1.8 power flow rate, the flow rate low; another may 
vary nearly the second power flow rate, and all intermediate values the 
exponent are possible. design type nonlinear resistor that can accom- 
modate all possible values the exponent, affected the Reynolds number 
and the relative roughness pipe, appears economically unjustified because 
the cost incorporating allowances for all the variables involved, they could 
achieved physically, would undoubtedly prohibitive. compromise 
sought that meets the requirements the great mass network-analysis 
problems with satisfactory accuracy, and acceptable from cost standpoint. 

Hydraulic engineers concerned with networks pipes often find that 
empirical formula relating head loss flow gives results sufficiently accurate 
for most engineering work, with saving effort compared with that involved 
employing the Colebrook-White adaptation Darcy’s The search 
for useful expression led Hazen and Williams their well-known 
formula, which can expressed the form, 


which the head loss along pipe line; scale factor related units 
used; constant, called the head-loss coefficient the pipe line function 
length, diameter, and condition); and the flow rate the pipe line. 

The evaluation the head-loss coefficient, and the scale factor 
corresponding several systems units, described the Appendix. 

order that nonlinear resistor may operate manner analogous 
Eq. the voltage across its terminals must related the current its 
filament according the expression, 


which the voltage drop across the resistor, proportional 
constant, called the coefficient the resistor, proportional and 
the current through the resistor, proportional 

Eq. satisfies the requirements previously stated for the economical 
design series nonlinear resistors. order perform accordance 
with Eq. the resistance nonlinear resistor must vary automatically 
the positive 0.85 power the current through the resistor. Ordinary linear 


Flow Pipes, with Particular Reference the Transition Region Between the Smooth 
and Rough Pipe Laws,” Colebrook, Journal, Inst. E., London, England, Vol. 11, 1938-1939, 
133. 
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resistors and the many types negative-exponential resistors cannot automat- 
ically represent this equation. 

The positive variation resistivity tungsten with temperature, and 
therefore with resistor current, employed the nonlinear resistors used 
the direct electrical analogy method pipe-line network analysis. With the 
proper combination dimensions the diameter and length tungsten 
filament and its supporting leads, tungsten filament mounted vacuum 
can made operate according Eq. over useful range voltage. 
about volt, the filaments all the special resistors, regardless the 
values their coefficients, barely glow, with dull red color. 4.6 volts, 
they operate the normal temperature incandescent lamps, with bright 
whitish-yellow glow. The filaments fail approximately volts. avoid 
continued operation above 4.6 volts, the nonlinear resistors are used series 
represent pipe lines with unusually large head losses. 

Since voltage drop proportional head loss, and filament temperature 
depends the voltage across the filament, the relative brilliances the fila- 
ments the resistors analysis indicate roughly the relative head losses 
the pipe lines, and serve quick guide the portions the network that 
than about volt, the filaments are not incandes- 
cent, and the percentage accuracy representation somewhat impaired. 
Since these low voltage situations correspond low head losses, this reduction 
accuracy has negligible effect total network head loss. 

represent the range pipe-line length, diameters, and conditions 
expected pipe-line network analysis, the nonlinear resistors are constructed 
series approximately 200 designs. The value each coefficient 
this series about 1.05 times that the next smaller coefficient. The head-loss 
coefficient pipe line may usually represented, therefore, with error 
within 2.5%. Studies show that the effect this error coefficient values, 
randomly distributed over network, very small. 


EQUIPMENT NEEDED FOR ANALYSIS 


problem pipe-line network analysis usually concerns definite plan 
pipe lines with specified physical properties. For any known set operating 
conditions, the purpose the analysis evaluate the unknown conditions. 
For example, with values and locations input heads and output discharges 
known, values head losses and flow rates for all part the network 
pipe lines may found; for minimum permissible head some critical 
discharge point, the maximum possible discharge rate may determined. 
permit the representation great variety network maps and the proper 
control the fundamental variables, device called pipe-line network 
analyzer has been developed and installed the College Engineering, 
Cornell University, Ithaca, The analyzer was constructed the 
Standard Electric Time Company Springfield, Mass., and the nonlinear re- 
sistors were manufactured Sylvania Electric Products, Incorporated, Salem, 
Mass. Fig. photograph the operating side network panel this 
analyzer: The circuit arrangement grid squares representing pipe-line 
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loops permits interconnection the resistors with minimum number 
temporary jumpers. Small jacks all network junctions provide points for 
connections the master voltmeter for head-loss measurement. flow rate 
measured inserting special plug the corresponding diagonally-mounted 
jack, which diverts the resistor current the master ammeter. Values 
head losses and flow rates are indicated the master instruments directly 
fluid units, rather than volts amperes. 

rear view the same network panel, with resistors inserted sockets for 
use, shown Fig. diagonally-mounted devices are the special 
current-diverting jacks. Where two more resistors are mounted together 
adapter, series parallel combination service. Usually about 
10% the pipe lines analysis are represented series combinations. 

Conditions sources are controlled means manually adjusted 
rheostats. Nearly correct control load currents provided automatically 
constant-current ballast lamps, and fine adjustment can obtained, desired, 
hand-operated rheostats series with the ballast lamps. 


CONVERSION 


The fundamental conversion factors used analysis are the ratio, 


V 
between the voltage (V) and head loss (H) across any corresponding pair 
points the electric circuit and the pipe-line network that simulates, and 


the ratio, 


between current (J) and flow rate (Q) any corresponding elements the 
electric circuit and the pipe-line network. Values the basic conversion 
factors are selected appropriate for the capacity the available source 
power supply, the ratings the load devices, and the safe operation the 
resistors. 

The conversion factor 


that relates the coefficient every resistor analysis the head-loss 
coefficient the corresponding pipe line (k,) has the value 


The proper value any single-unit resistor coefficient, resultant coefficient 
series parallel group resistors, found multiplying the value 
the head-loss coefficient the pipe line represents the constant 


| 


Se 


PIPE NETWORKS 
ACCURACY 


Since flows junctions and head losses around loops inherently balance 
nearly perfectly when the electrical analogy method analysis used, the 
significant causes error are the following, the Hazen-Williams formula 
considered correct: (1) Circuit resistances external the resisters, including 
resistances the ammeter circuit; (2) differences resistor coefficients from 
desired values; (3) deviations resistor characteristics from desired form; 
(4) increase value resistor coefficients with age; (5) instrument calibration 
and reading errors; (6) changes load currents source voltages during 
analysis. 

The combined effect these factors analysis can evaluated, 
desired. The balanced values head losses and flow rates found from the 
analysis give values the pipe-line coefficients, through the use Eq. 
The ratio the value each coefficient thus derived, the specified value, 
leads correction head loss for the corresponding pipe line. The algebraic 
sum all head-loss corrections divided the sum all head losses found 
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the analysis fair measure the over-all error. This error has not exceeded 
all the analyses made Cornell University for which error studies have 
been made. The error has always been conservative because the dominant 
effect resistances the conductors that the nonlinear resistors. 

the Colebrook-White adaptation Darcy’s law taken the standard 
for evaluating errors, rather than the Hazen-Williams formula, additional 
small errors head losses and flow rates occur for individual pipe lines, because 
the head-loss-flow characteristic curves the two expressions coincide only 
one flow rate. The characteristic curves are very close, however, for large 
range flow rates either side the intersection. For flow rates below 
the intersection the two curves, the Hazen-Williams formula gives higher 
head loss, and for flow rates above the intersection, Darcy’s law gives higher 
head loss. The tendency for these differences compensate over large 
network makes the Hazen-Williams formula very useful network-analysis 
work. Furthermore, the Hazen-Williams formula may readily applied 
the pipe-line network analyzer give excellent representation Darcy’s 
law. For this purpose, the nonlinear resistors are first chosen previously 
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described, without regard Darcy’s law, and the analyzer then operated for 
trial run under the given conditions. Flow rates are read for the resistors 
that glow brightly, indicating significant head losses. correction curve 
similar one previously published" consulted determine the values 
factors which the resistor coefficient should multiplied make their 
performance agree closely with Darcy’s law for flow rates near those found 
from the trial. The resistors are then replaced with others having suitably 
altered coefficients, and the complete analysis may then conducted 
close conformance with Darcy’s law. 


CoMPARISON ANALYSES 


example the results obtained from different methods analysis, the 
four-loop pipe-line network shown schematically Fig. has been analyzed, 
first rigorous algebraic solutions obtained from the linear-approximation 
method, and then the pipe-line network analyzer, using both the Hazen- 
Williams formula and the Colebrook-White adaptation Darcy’s law. The 


values the Hazen-Williams smoothness coefficient given Table 


assumed give correct values head losses velocity per sec and 
the values relative roughness the pipe lines used the solution 
Darcy’s law are those that give the same head losses that velocity. 

Results the four methods analysis are presented Tables and 
All flows junctions and head losses around loops balance properly when the 


length diameter friction roughness Darcy’s Law 
(ft) (in.) 
Rigorous Network Rigorous Network 
algebraic analyzer algebraic analyzer 
solution solution solution solution 
(1) (2) (3) (4) (5) (6) (7) (8) (9) 
2510 120 0.001 50.12 50.40 50.03 50.22 
1450 120 0.001 42.02 42.30 41.92 42.20 
2430 110 0.0021 24.11 23.80 24.69 23.90 
2230 100 0.0062 6.74 6.70 6.70 6.90 
1940 100 0.0055 9.88 9.96 9.97 9.88 
2105 100 0.0055 8.10 8.10 8.11 8.02 
2010 110 0.0032 13.91 14.10 13.23 14.20 
2580 110 0.0032 17.37 17.10 17.99 17.00 
1630 100 0.0062 4.74 4.60 4.70 4.84 
1430 100 0.0062 3.88 3.92 3.97 3.98 
1940 100 0.0055 3.98 4.10 4.08 4.10 
2230 110 0.0032 17.89 18.20 17.31 18.30 
2120 100 0.0062 5.26 5.20 5.30 5.10 


values individual flows and head losses listed the tables occur. For the 
algebraic solutions, the relations between head losses and flows agree either 
with the Hazen-Williams formula with Darcy’s law, indicated the 
column headings. For the solutions conducted the analyzer, the values 


Electric Analyzer for Pipeline Malcolm Journal, 
A.W.W.A., Vol. 42, 1950, 363, Fig. 13. 
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listed are those read from the analyzer, slightly adjusted the third decimal 
place provide perfect balances. The total input flow used the analyzer 
was 6036 gal per min for the Hazen-Williams solution and 6010 gal per min for 
the Darcy solution, instead the specified value 6000 gal per min. Inspec- 


Hazen-Williams Formula Darcy’s Law 
point 
Rigorous Network Rigorous Newtork 
algebraic analyzer algebraic analyzer 
solution solution solution solution 
(1) (2) (3) (4) (5) 
12.2 12.8 12.3 12.5 
17.3 18.1 17.3 17.5 
28.8 28.0 28.3 
59.8 60.9 58.8 60.9 
19.1 20.0 18.8 19.7 
26.6 28.0 25.9 27.5 
30.1 31.5 29.1 30.9 
52.8 55.5 51.6 54.9 
72.0 74.0 70.1 72.5 


tion the values the tables shows that the analyzer solutions are entirely 
acceptable for practical use. The head-loss values Table are, general, 
higher for the solution than for the Darcy solution because the 
velocity the majority pipe lines below per sec. Both solutions 
conducted the analyzer gave head losses erring slightly the conservative 
side, usual. 

ADVANTAGES AND DISADVANTAGES 


The advantages the direct-analogy process pipe-line network analysis 
are follows: 


computations involving the configuration the network are needed. 

guesses values flow rates head losses, followed successive 
approximations, are involved. 

Only those values actually needed are recorded. 

Changes represent alternative plans constructing operating 
network can made readily, and their effects quickly visualized and evaluated. 

Solutions automatically balance with accuracy suitable for engineering 
work. 

Solutions are rapid, and the probability human error minimized. 

The glowing resistor filaments direct attention parts the network 
which head losses are greatest, without the necessity reading any instruments. 

network almost any size and degree complexity can analyzed 
without any fundamental difficulty. 


The disadvantages the method are the investment cost installing the 
analyzer, small maintenance cost, the use floor space, and the need 
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exert reasonable care operating the analyzer avoid subjecting the resistors 
voltages above their safe working range. Since learning operate the 
analyzer takes longer than learning carry out algebraic solution, the 
training required for using the analyzer not significant disadvantage. 


The electric analyzer employing special nonlinear resistors provides 
automatic analogy network pipe lines. Desired results analysis 
are given quickly and directly terms fluid quantities. Values important 
quantities, such total head loss between remote junctions flow rates 
principal pipe lines can found immediately without any need find values 
head losses flow rates for other pipe lines. The method provides ready 
visualization evaluation the effects alternative plans for network 
construction operation. 


(a) AMERICAN AND 


Units ror Heap Loss, 
Units used for flow 


United States gallons per minute 4.34 
Hundreds United States gallons per minute 0.0501 0.0217 
United States million gallons per day 1.807 0.783 
Imperial gallons per minute 1.401 6.07 
Hundreds Imperial gallons per minute 0.0702 0.0304 
Imperial million gallons per day 2.53 1.098 
(b) Merric 

Units used for flow Meters water per 
Liters per second 
Kiloliters per minute 0.182 0.0182 
Million liters per day 9.29 9.29 


APPENDIX. VALUES CONSTANTS 


Constants United States and British Units.—The value the head-loss 
coefficient, k,, for pipe line that described physically units employed 
the United States the British Commonwealth, expressed the form,” 


and 
5830 


which the length pipe thousands feet; the diameter pipe 
feet; and the Hazen-Williams smoothness coefficient, usually the 


Electric Analyzer for Pipeline Malcolm Journal, 
A.W.W.A., Vol. 42, 1950, 366. 
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table that gives values for range values from 140 and 
for standard pipe diameters from in. in. available. Values 
constant Eqs. and are listed Table 

Constants Metric pipe lines described the metric system 


29.6 


which the length pipe kilometers; the diameter pipe meters; 
and the Hazen-Williams smoothness coefficient, usually the range 
130. Values constant Eqs. and for problems which the 
metric system employed, are listed Table 
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